We investigate ground state and finite temperature properties of the half-filled Hubbard model on a honeycomb lattice using quantum Monte Carlo and series expansion techniques. Unlike the square lattice, for which magnetic order exists at T = 0 for any nonzero U, the honeycomb lattice is known to have a semimetal phase at small U and an antiferromagnetic one at large U. We investigate the phase transition at T = 0 by studying the magnetic structure factor and compressibility using quantum Monte Carlo simulations and by calculating the sublattice magnetization, uniform susceptibility, spinwave, and single hole dispersion using series expansions around the ordered phase. Our results are consistent with a single continuous transition at U c / t in the range 4-5. Finite-temperature signatures of this phase transition are seen in the behavior of the specific heat, C͑T͒, which changes from a two-peaked structure for U Ͼ U c to a one-peaked structure for U Ͻ U c . Furthermore, the U dependence of the low temperature coefficient of C͑T͒ exhibits an anomaly at U Ϸ U c .
I. INTRODUCTION
The two-dimensional Hubbard-Hamiltonian has been extensively studied as a model of metal-insulator and magnetic phase transitions 1 and also within the context of systems such as the CuO 2 sheets of high temperature superconductors. 2 In the square-lattice case, at half-filling, nesting of the Fermi surface leads to a divergent antiferromagnetic susceptibility as the temperature is lowered, even for U = 0, and thus the ground state is an antiferromagnetic insulator at any nonzero U. It is of interest to study cases where, instead, the transition to the antiferromagnetic phase occurs at finite U. In such a situation, for example, it may prove possible to see if the Mott metal-insulator and paramagnetic-antiferromagnetic phase transitions occur separately. A finite U c also makes it more straightforward to study the thermodynamics at temperatures above the T =0 quantum phase transition, a question pertinent to experimental studies of such phase transitions. 3 The two-dimensional honeycomb lattice is one geometry in which we can explore these issues. In this paper, we investigate the properties of the half-filled honeycomb lattice Hubbard model using determinant quantum Monte Carlo and series expansions methods. After a brief review of previous work, we describe the model and calculational approaches, and show data for a number of different ground state properties that carry signatures of the phase transition. Our overall results are consistent with a single continuous transition as a function of U / t. We then turn to the finite temperature behavior of the specific heat to see how such a critical point may be reflected in this key experimental property.
While the honeycomb lattice has U c nonzero, it is important to note at the outset that, like the square lattice, its noninteracting density of states has a special feature. As shown in Fig. 1 , N͑͒ vanishes linearly as → 0, so the system is a semimetal ͑or alternatively, a zero-gap semiconductor͒ at half filling. As a consequence, at weak coupling, the low temperature behavior of the specific heat is quadratic in temperature, C = ␦T 2 , instead of the usual linear Fermi liquid dependence. At strong coupling, when long range antiferromagnetic order sets in, the specific heat will also be quadratic in T owing to the spin-wave excitations. How the specific heat evolves between these two regimes is an open question. A considerable body of work exists concerning the ground state phase diagram. Martelo et al. found that within mean field theory the Mott transition occurs below an upper bound for the critical interaction strength U c / t Ϸ 5.3. 4 Meanwhile, their variational Monte Carlo calculation suggested a lower bound for the antiferomagnetic transition U c / t Ϸ 3.7. They interpreted these results as a single transition from paramagnetic metal to antiferromagnetic insulator at U c / t = 4.5± 0.5.
Sorella et al. 5 and Furukawa 6 studied the model using the random phase approximation which gives U c / t = 2.23 for the onset of antiferromagnetic order. Auxiliary field quantum Monte Carlo ͑QMC͒ simulations 5 using the ground state projection approach suggested U c / t = 4.5± 0.5. Projector QMC work by Furukawa 6 on larger lattices and doing system size extrapolations resulted in a somewhat lower value, U c / t = 3.6± 0.1. Peres et al. have recently studied the phase diagram and mean field magnetization of coupled honeycomb layers as a function of filling, U / t, and interlayer hopping tЈ / t using the random phase approximation and spin wave analysis. 7 In addition to antiferromagnetism and the Mott transition other phenomena associated with strong correlations have also been studied. As with the square lattice Hubbard model, Nagaoka ferromagnetism is also possible for the doped honeycomb lattice at strong couplings ͑U / t Ͼ 12͒ and was investigated by Hanisch et al. using Gutzwiller wave functions, 8 and also by Peres et al. 7 Renormalization group calculations by González et al. 10 have addressed the non-Fermi liquid behavior of the half-filled honeycomb Hubbard model. As pointed by the authors, the existence of nontrivial scaling laws should show up in a variety of properties, including the specific heat.
We conclude this introduction by noting that the Hubbard model on a honeycomb lattice has also been suggested to be of interest for a variety of systems including graphite sheets, 9 and carbon nanotubes, 11 as well as MgB 2 ͑Ref. 6͒ and Pb and Sn on Ge͑111͒ surfaces. 12 The honeycomb lattice is also a 2 / 3 subset of the triangular lattice ͑see inset in Fig. 1͒ , and so the nature of spin correlations on the honeycomb lattice has been considered as possibly relevant to the properties of triangular lattice systems like Na x CoO 2 at appropriate dopings.
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II. HUBBARD HAMILTONIAN, DETERMINANT QUANTUM MONTE CARLO, AND SERIES EXPANSION METHODS
We study the Hubbard Hamiltonian,
Here c i † ͑c i ͒ are creation ͑destruction͒ operators for a fermion of spin on lattice site i. The kinetic energy term includes a sum over near neighbors ͗i , j͘ on a twodimensional honeycomb lattice. We denote by N the number of lattice sites, and L the linear dimension of the lattice, which corresponds to the linear dimension of the underlying triangular lattice, as shown in the inset to Fig. 1 . The particular way the honeycomb lattice is cut out of the plane is a matter of taste. We have therefore N = 2 3 L 2 and we have used periodic boundary conditions. The interaction term is written in particle-hole symmetric form so that = 0 corresponds to half-filling: the density = ͗n i↑ + n i↓ ͘ = 1 for all t , U, and temperatures T. We choose the hopping parameter t = 1 to set the energy scale. Note that the noninteracting model has two Dirac points K ± on the Fermi surface where the dispersion relation is relativistic, 9 i.e., the energy grows linearly with ͉k − K ± ͉.
We use the determinant quantum Monte Carlo method to measure the properties of the Hamiltonian. 14, 15 In this approach the partition function is written as a path integral, the interaction term is decoupled through the introduction of a discrete auxiliary Hubbard-Stratonovich field, 16 and the fermion degrees of freedom are traced out analytically. The remaining summation over the Hubbard-Stratonovich field is done stochastically. Since the lattice is bipartite, no sign problem occurs at half-filling. Data were typically generated by doing several tens of thousands of measurements at each data point ͑temperature, coupling constant, and lattice size͒. Global moves which flip the Hubbard-Stratonovich variables for all imaginary times at a given spatial site were included so that at stronger couplings, transitions between different densities are facilitated. 17 We have also carried out an Ising type expansion for this system at T = 0 using a linked-cluster method. 18 Similar expansions were previously done for the Hubbard model on the square lattice. 19 To perform the series expansion, one needs to introduce an Ising interaction into the HubbardHamiltonian, and divide the Hamiltonian into an unperturbed Hamiltonian ͑H 0 ͒ and a perturbation ͑H 1 ͒ as follows:
where i z = n i↑ − n i↓ , and is the expansion parameter. Note that we are primarily interested in the behavior of the system at = 1, at which point the Ising term cancels between H 0 and H 1 . The strength of the Ising interaction can be varied to improve convergence, and it proves useful to keep it of order t 2 / U. 19 The limits = 0 and = 1 correspond to the Ising model and the original model, respectively. This Hamiltonian will be called the Hubbard-Ising model. The unperturbed ground state is the usual Neél state. The Ising series have been calculated to order 15 for the ground state energy, the staggered magnetization M, and the square of the local moment L m , 19 and to order 13 for the uniform magnetic susceptibility Ќ . The resulting power series in for t / U = 0.15 and J / U = 0.0225 are presented in Table I .
In addition to the ground state properties, we also compute the spin-wave dispersion ⌬ ͑to order 13 ͒ and the dis-persion ⌬ 1h of one-hole added to half-filled system ͑to order 11 ͒. These calculations are possible by extending the similarity 20 and orthogonality transformation methods 21 from Heisenberg and t-J models 22, 23 to the Hubbard-Ising models. The calculation of the dispersion involves a list of 28 811 clusters up to 13 sites. The series for the dispersions can be written in the following form:
In Table II , we list the series coefficients a i,j,p for t / U = 0.15 and J / U = 0.0225. The series for other couplings are available from the authors upon request.
III. QUANTUM PHASE TRANSITION
We begin by examining the evidence for a phase transition in the model. First, we present results from the quantum Monte Carlo simulations, which can, in principle, address arbitrary t / U ratios.
A. Compressibility
The Mott metal-insulator transition is signaled by a vanishing compressibility = ‫ץ‬ / ‫.ץ‬ We show the difference between the density and half-filling as a function of for U / t = 2 and U / t =7 ͑Fig. 2͒. There is a clear qualitative difference in behavior. For weak coupling, immediately shifts from half-filling as increases from zero, while at strong coupling, remains pinned at = 1 out to finite . Although dealing with finite chemical potential the sign problem was not sever for the temperatures, system sizes and strenght of correlations considered.
In Fig. 3 we show how the density behaves with increasing ␤ and L for U / t = 5. The evolution with inverse temperature and lattice size suggests that there is a small, finite 
B. Spin correlations and antiferromagnetic susceptibility
To study the magnetic behavior, we measure the real space spin correlations,
and their Fourier transforms, At ␤ → ϱ ͑T =0͒ and in the antiferromagnetically ordered phase at large U / t, the real space correlation will go asymptotically to a nonzero value M 2 / 3 at large separations r, where M is the sublattice magnetization. In our finite temperature simulations, we access the ␤ → ϱ limit by cooling the system to the point where the correlation length exceeds the lattice size. In this case, the structure factor will grow linearly with lattice size N. More precisely, the structure factor will obey,
where L is the linear lattice size. 24 In the paramagnetic phase at small U / t, the structure factor will be independent of N, and hence S͑q͒ / N will vanish as N → ϱ.
In Fig. 5 we show S͑ , ͒ as a function of inverse temperature ␤ for different lattice sizes at U / t = 7 and the associated scaling plot. Also shown in Fig. 5 is the value of c͑r͒ for the largest separation on our finite lattices, c͑r max ͒. This quantity should scale with the same intercept M 2 / 3 but a different finite size correction. We see that the system is in an antiferromagnetically ordered phase for this coupling. Figure 6 shows analogous plots at U / t = 6. The order parameter is still nonzero, but is quite small. Similar plots for U / t = 5 are consistent with the vanishing of long range order. While we cannot pin down the location of the quantum phase transition exactly, a comparison of this analysis with the compressibility of Fig. 4 suggests that the vanishing of the compressibility gap and the antiferromagnetic order occur very close to each other and are in the neighborhood of U c / t Ϸ 5.
C. Results from series expansions
We now present results from the Ising-type series expansions. These expansions are only valid in the magnetically TABLE II. Series coefficients for the spin-wave excitation spectrum ⌬͑k x , k y ͒ / U and one-hole dispersion ⌬ 1h ͑k x , k y ͒ / U. Nonzero coefficients up to order 13 for t / U = 0.15 and J / U = 0.0225 are listed. ordered phase, and thus can only access the properties of the system for U Ͼ U c .
In Fig. 7 , we show the sublattice magnetization and uniform susceptibility. The QMC results for the sublattice magnetization are also shown. The two are roughly consistent with each other for small t / U. The uncertainties increase as the transition is approached. QMC results suggest a more abrupt drop to zero around U / t Ϸ 5, whereas the series results suggest a gradual decrease with increasing t / U. Since the series are not directly in the variable t / U but rather in an auxiliary variable , it is difficult to locate the true critical point U c / t and obtain the critical properties. However, since we expect the critical exponent of the order parameter to be less than one, the true curve should come to zero with an infinite slope. Thus, from the series results alone, one would estimate U c / t Ϸ 4, and this is in agreement with the estimate from the susceptibility Ќ also shown in Fig. 7 .
Next, in Fig. 8 , we show the spin-wave dispersion along high-symmetry cuts through the Brillouin zone for t / U = 0.1, together with the dispersion obtained from first and second order spin-wave results for the Heisenberg model on a honeycomb lattice, 22 which should approach the dispersion for the Hubbard model in the large U limit. As discussed previously, it is important to note that series expansions are developed for the Hubbard-Ising model, which starts with an unperturbed model with an anisotropy and a gap. The spin rotational symmetry is restored at = 1, where the gap must close in the ordered phase. The limit → 1 has power-law singularities in the series, which has to be treated by series extrapolation methods well known from the study of critical phenomena. 25 The numerical results obtained are consistent with gapless excitations in the Hubbard model. We can see that the dispersion has its minimum at the ⌫ point. The spinwave dispersion for the Heisenberg model on a honeycomb lattice has a maximum at W point, while for the Hubbard model, this is only true for very small t / U. Already for t / U = 0.1, the energy at W points is reduced, and the maximum moves to the K point.
Also, in Fig. 9 we show the one-hole dispersion for selected values of t / U. In principle, such a dispersion can be measured in angle resolved photoemission spectra ͑ARPES͒. However, we are not aware of any existing material where this ordered phase ͑U Ͼ U c ͒ honeycomb-lattice calculation would be directly relevant. In the figure, we see that the minimum and maximum gaps are at the W and ⌫ points, respectively. This dispersion is quite different from the case of the square lattice, since there is no nesting of the Fermi surface here. For the square lattice, the single hole dispersion relation is anomalously flat near the degenerate points ͑0, ±͒, ͑± ,0͒ of the Brillouin zone, with the minimum of the dispersion at ͑± /2, ± /2͒. 23 Figure 10 shows the minimum gap, i.e., the gap at the W point, and the bandwidth, To summarize, study of both magnetic and charge properties using series expansions show a direct transition from the antiferromagnetic to the semimetal phase around U c / t Ϸ 4.
Combining the quantum Monte Carlo and series expansion results, we estimate the phase transition to be in the range U c / t = 4-5. There is greater internal consistency in the location of the critical point if we restrict ourselves to one method. But, in fact, there are larger uncertainties in both methods especially as the quantum phase transition is reached. However, both methods strongly indicate that the Mott transition and the antiferromagnetic order happen simultaneously.
IV. SIGNATURES OF THE QUANTUM PHASE TRANSITION IN THE SPECIFIC HEAT
An important objective of our study was to examine the signature of the quantum phase transition in the finite temperature behavior of the specific heat. We now turn to those studies, which are based on the quantum Monte Carlo method.
At strong couplings, one expects two features in the specific heat of the Hubbard-Hamiltonian. The first, at a temperature T Ϸ U / 5, signals the formation of magnetic moments, 26, 27 while the second, at a lower temperature T Ϸ J =4t 2 / U, is associated with the entropy of moment ordering. This picture has been verified in the one-dimensional case using Bethe Ansatz techniques 28 and ͑using quantum Monte Carlo͒ in the two-dimensional square 29, 30 and three dimensional cubic lattices. 31 Interestingly, in the square lattice, the two peak structure persists to weak coupling where the energy scales U and J have merged. 26 In one dimension, there is a single peak at weak coupling. 32, 33 We have used QMC to calculate the energy as a function of temperature for different couplings U and system sizes. We have used a fine grid of temperatures and then differentiated numerically to extract the specific heat C͑T͒ = dE / dT. We have done runs with 4000 sweeps through the lattice and for lower temperatures we averaged over several such runs to reduce statistical errors on the energy. For ␤ Ͻ 10 this was enough to ensure that error bars, for a given system size, are smaller than typical data points both in E͑T͒ and C͑T͒. The specific heat for the two-dimensional honeycomb lattice is shown in Fig. 11 for different couplings U and lattice size L = 12. For strong coupling, U / t = 6, 7, 8 there is a clear two peak structure. This is replaced by a single peak for weaker couplings, U / t = 2, 4, 5. Again, this result is in contrast with the behavior of C͑T͒ on the square lattice, where a two-peak structure is evident for all U / t. 26 It is plausible to conjecture that the difference is the absence of long range antiferromagnetic order. This suggestion is supported by the fact that coalescence of the specific heat peaks is seen in Dynamical Mean Field Theory ͑DMFT͒ 34-36 studies when they are restricted to the paramagnetic phase and antiferromagnetic fluctuations are neglected. This is, however, a rather subtle question, since the Mermin-Wagner theorem precludes long range order at finite temperature, for systems with continuous symmetry in twodimensions. What is meant, more precisely, is that on a twodimensional square lattice, the low T structure in C͑T͒ appears when the antiferromagnetic correlation length ͑T͒ begins to grow exponentially as T → 0.
The evolution from a two to a one peak structure in C͑T͒ is one interesting reflection of the underlying quantum phase transition on the finite temperature thermodynamics. Another way of examining this question concerns the low temperature behavior of C͑T͒. As pointed out in the introduction, we expect a quadratic temperature dependence at both strong coupling ͑spin-waves͒ and weak coupling ͑linearly vanishing Before we present the results for ␦, we note that extracting ␦ is clearly a subtle numerical issue. On the one hand, ␦ characterizes the low T behavior, but on the other hand, because of finite size effects, which become larger as the temperature is lowered, one cannot use data at too low values of T. Thus, our calculation of ␦ should be viewed with some caution. Finite size effects were probed with the noninteracting system, where they are known to be more severe, and where we could reach larger system sizes. Our procedure to extract ␦ is as follows: we fit the data for E͑T͒ to the T 3 form over only a finite temperature window: below the peak in C͑T͒ but also above finite size effects begin introducing a noticeable gap in spectrum. Figure 12 illustrates this procedure for U / t = 5, the full line is our best fit to the data. Note that the fit starts to deviate around ␤ / t = 5, where the peak starts to form, but follow the data closely below that. For the noninteracting case the gap becomes noticeable around ␤ / t = 10, therefore for the smaller values of U / t considered, we did not take into account temperatures smaller than T = 0.1t. This prevented us from getting ␦ for U / t Ͻ 2.
In Fig. 13 we show ␦ as a function of U. There is a structure in this plot in the vicinity of the value U c / t Ϸ 5 previously inferred from the compressibility and spin correlation data. 11 . ͑Color online͒ Specific heat C͑T͒ is shown as a function of temperature for different coupling strengths. In the antiferromagnetic phase for U Ͼ U c , the specific heat has a two peak structure. In the metallic phase for U Ͻ U c there is a single peak. The "universal crossing" at T = 1.6t is discussed in the text. Error bars ͑not shown͒ are typically the size of points for T Ͼ 0.1, and up to 3-4 times larger for T ഛ 0.1. 2 with m = 2 is given and fits the weak coupling data very well. The breakaway from this form at strong coupling further emphasizes the change in behavior in the vicinity of the quantum phase transition.
As we have already commented, we found the determination of the specific heat coefficient delta to be challenging. Certainly the data are subject to both possible systematic and statistical uncertainties. Regarding the former, we comment that finite size effects are relatively less profound for local observables like the energy than ones which sample long range correlations ͑like magnetic structure factors.͒ We believe that the consistency of the data on L = 9, 12, and 15 site lattices reflects the fact that the results are representative of the behavior in the thermodynamic limit. We have also checked the effect of the fitting procedure on delta. Figure 12 shows the effect of a ten percent change in delta on the goodness of the fit.
In studies of the two peak structure of the specific heat on the square lattice, an interesting interchange of the role of kinetic and potential energies was noted. 26 At large U, the temperature derivative of the potential energy was the primary contribution to the high T, moment formation, peak, while the temperature derivative of the kinetic energy drove the low T, moment ordering, peak. However, at weak U the situation was reversed, with the high T peak originating in the kinetic energy. With that separation in mind, we plot in Fig. 15 , for the honeycomb lattice, the contributions of the potential and kinetic energies to ␦. It is the contribution of the potential energy to ␦ which appears to have the sharper evolution in the vicinity of the quantum phase transition.
Returning to the specific heat versus temperature, shown in Fig. 11 , we note the existence of a very well defined crossing point at T Ϸ 1.6t. This crossing has been observed previously in DMFT, [34] [35] [36] and in the two dimensional square lattice. 26, 29 Indeed, in the former case, two crossings were observed, with the high temperature one being nearly universal, while the low temperature intersections were considerably more spread out, much as we observe in Fig. 11 . It is also interesting that the numerical value of the crossing is almost identical for the honeycomb and square lattices, despite their different bandwidths.
Finally, we turn to the behavior of the entropy per site S / N. The entropy is calculated from the specific heat:
To do the integral we have fitted the energy to a physically motivated form,
where E 0 , ⌬ and c n are obtained from the fitting and M is the number of exponentials used, typically 6 to 8. This expression can then be differentiated to get C͑T͒ and then integrated. In the left panel of Fig. 16 up, singly occupied with spin down or doubly occupied with the same probability. At large U, the clustering of the curves for different temperatures near ln͑2͒ is indicative of the existence of disordered magnetic moments ͑only singly occupied states͒ in a range of intermediate T. The low temperature magnetic ordering tendency is evident in the gap between the T = 0.2 and T = 0.3 curves. As U is decreased, the screening away of the moments is indicated by the T = 0.3 isotherm dropping from ln͑2͒ to 0. It is interesting that this behavior is so gradual. Finally at small U one observes the more or less equally spaced isotherms of free electron gas. This figure complements the data of C͑T͒ shown in Fig. 11 , since the entropy hang up at large U near ln͑2͒ is just the C / T area of the lower specific heat peak.
The right panel of Fig. 16 exhibits the entropy as a function of temperature. At weak coupling, there is a smooth evolution from ln͑4͒ at high T to zero at low T. For strong coupling, a plateau near ln͑2͒ interrupts this evolution, again exhibiting a range of temperatures with well formed, but disordered moments.
V. CONCLUSIONS
In this paper we have studied the Hubbard-Hamiltonian on a half-filled honeycomb lattice using quantum Monte Carlo and series expansion methods. Both methods strongly suggest that the model has a single continuous transition at T = 0, between an antiferromagnetic phase at large U / t and a semimetal phase at small U / t. Quantum Monte Carlo results for the compressibility, which looks at the charge response of the system, and the magnetic structure factor, which looks at the spin response, both suggest a transition around U c / t Ϸ 5. The series expansion results for the sublattice magnetization, which is the spin order parameter and the charge excitation gap, which characterizes the Mott transition, both point to a single transition at U c / t Ϸ 4. The discrepancy between the quantum Monte Carlo and series expansion results reflects the uncertainties in the calculations, especially as the critical point is approached. Thus we expect the transition to lie in the range 4 Ͻ U c / t Ͻ 5, a result in complete agreement with the previous work of Martelo et al. 4 Finally, one of the goals of this work was to look for finite temperature signatures of the phase transition in the specific heat, as a guide to experimental studies. We observe that around U c the specific heat changes from a one peak ͑below U c ͒ to a two peak ͑above U c ͒ structure. We suggest that this is associated with the fact that for U Ͼ U c the antiferromagnetic correlation length grows rapidly as the temperature is reduced. For weak coupling only very short-range antiferromagnetic correlations exist, and the specific heat has no signature of magnetic order.
We also studied the evolution with on-site interaction strength U of the coefficient ␦͑U͒ of the quadratic temperature dependence of the specific heat at low temperatures. Since the excitations which produce the T 2 term above and below the quantum phase transition are unrelated, one might have expected ␦͑U͒ to exhibit a discontinuity at U c . Instead, we found a sharp change in the slope, d␦͑U͒ / dU at U c .
Given the uncertainties in obtaining ␦͑U͒, from finite-size calculations, these results should be viewed with some caution. Experimental searches for such a behavior would be quite interesting. 
